Abstract. We propose a mechanism that generates chaos in high-dimensional focusing billiards. This mechanism uses cylindrical components as the focusing elements and thereby differs from the recent approach by Bunimovich and Rehacek [1] . Based on this mechanism we generalize the stadium billiard to three dimensions and compute its Lyapunov spectrum. Our numerical results strongly suggest that this system is chaotic.
Billiards are simple yet nontrivial models of classically chaotic systems. Of particular importance are Sinai's billiard [2] and Bunimovich's stadium [3] since they are proven to be completely chaotic and ergodic. These two billiards exhibit two different chaos generating mechanisms, namely dispersion and defocusing. Upon scattering off an dispersing boundary element nearby trajectories diverge, and consecutive collisions with dispersing elements lead to an increasing divergence. In focusing billiards nearby trajectories converge after a collision with the focusing boundary element. It is only after the trajectories pass through the focusing point that they start to diverge. Provided the free flight (including reflections at neutral boundary elements) is sufficiently long, the focusing may be over compensated by the divergence and result in a defocusing. It is important to note that a weak focusing requires a long free flight until defocusing results. While dispersing billiards like Sinai's may easily be generalized to more than two dimensions, it was not until recently that completely chaotic higher-dimensional focusing billiards were constructed. Bunimovich and Rehacek proved that spherical caps attached to three-dimensional billiards with neutral boundary elements may be chaotic and ergodic [1] . The main difficulty to overcome was the weak focusing in directions transverse to the plane that is defined by consecutive scatterings of a trajectory with a spherical cap. Bunimovich and Rehacek solved this problem by putting certain conditions on the size and distance of spherical caps. This ensures that any focusing eventually turns into defocusing. However, numerical studies showed that these conditions may be relaxed,and that the mechanism also works beyond three dimensions [4] .
In this work we want to propose a different mechanism that generates truly highdimensional chaos in focusing billiards. The basic idea is as follows. Let us use cylindrical instead of spherical components as the focusing boundary elements. A cylindrical element focuses in planes perpendicular to the cylinder axis and is neutral in the directions of the axis. This avoids the problem caused by the weak focusing in spherical caps. The generation of high-dimensional chaos requires, however, more than one cylindrical boundary element, and their axes must be differently orientated. To demonstrate the usefulness of the proposed mechanism we study numerically a threedimensional generalization of the stadium billiard where cylindrical components serve as the focusing elements.
The results of this work are not only interesting in its own but may be important for several applications. Billiards are widely being studied in the field of quantum chaos (for a review see, e.g. reference [5] ), and play an important role in extending this field to systems with more than two degrees of freedom [4, 6, 7, 8] . They are also central to the investigation of three-dimensional wave chaos in elasto-mechanical systems [9, 10] , microwave cavities [11, 12] and resonant optical cavities [13] .
Let us consider the three-dimensional billiard depicted in figure 1 . We denote the radii of the lower and upper half-cylinder as r 1 and r 2 , respectively, and the distance between these half-cylinders as 2a. This billiard can be viewed as a generalization of the two-dimensional stadium to three dimensions. Its sections with planes normal to the xand y-axis are partly desymmetrized two-dimensional stadia. One might expect that this system displays high-dimensional chaos, since [14] "In many-dimensional billiards with chaotic behavior the local instability has to be in all its two-dimensional sections". Note, that the upper and lower half-cylinder defocuses in the planes normal to the xaxis and the y-axis, respectively. Note further that this property persists even when the distance between the two half-cylinders approaches 2a = 0.
In what follows let us fix r 1 = r 2 = r and a = 0. To compute the Lyapunov spectrum we draw 10 4 uniformly distributed phase space points at random, fixing the velocity | v| = 1. We follow the time evolution for each of these phase space points for about 5 × 10 5 bounces off the boundary and compute the Lyapunov spectrum from the tangent map [15, 16] . For the time evolution we note that the particle moves freely inside the billiard and undergoes specular reflections upon collisions with the boundary. Let v and v ′ denote the velocity immediately before and after a collision with the boundary, respectively. One has v ′ = v − 2( v · n) n, where n is the unit normal vector of the boundary at the collision point. The tangent map is a product of maps corresponding to free flights and to reflections. It governs the time evolution of infinitesimally small deviations from the trajectory. Let ( x, v) and ( x ′ , v ′ ) denote initial and final phase space points of a free flight, respectively. The corresponding tangent map has elements
To describe a reflection at the cylindrical boundary element of radius r we choose coordinates such that the cylinder axis is parallel to the z-axis. Let ( x, v) and ( x ′ , v ′ ) denote phase space points immediately before and after a reflection, respectively. The corresponding tangent map has elements
where n is the outwards pointing unit normal vector at the boundary, w = (v 1 , v 2 ) the velocity in the plane normal to the z-axis and its normal component w n = n · w. A reflection at the flat parts of the boundary may be described using the equations above after taking r → ∞.
In a conservative system with three degrees of freedom the Lyapunov exponents come in pairs (λ j , λ −j ), j = 1, 2, 3 with λ 1 ≥ λ 2 ≥ λ 3 = 0 and λ j + λ −j = 0. Our numerical results (mean values, variances, maximal and minimal values) are listed in table 1. We observe two positive Lyapunov exponents, thus indicating that truly highdimensional chaos has developed. Note that all of the followed trajectories have positive Lyapunov exponents λ 1 and λ 2 . We checked our numerical results by comparing forward with backward evolution and by using the alternative method pioneered by Benettin et al. [17] . Within our numerical accuracy we find one pair of vanishing Lyapunov exponents and confirmed that the sum of conjugated exponents vanishes. We repeated the computation for a larger ensemble of 10 5 trajectories and a shorter time evolution of about 5 × 10 4 bounces off the boundary. This computation reproduced the mean values of table 1 but the distributions were broader. This is due to the shorter time evolution which leads to somewhat less converged Lyapunov exponents. Again, no single stable trajectory was found. Therefore, our numerical results strongly suggests that the system under consideration is completely chaotic.
It is interesting to investigate the stability of lower-dimensional invariant manifolds. Such manifolds exist in systems with discrete symmetries and in rotationally invariant many-body systems composed of identical particles [18] , though they need not necessarily be connected to a discrete symmetry [7] . Since their stability properties may deviate considerably from the system average, it is important to investigate them more closely. In what follows let us consider two lower-dimensional invariant manifolds, namely (i) y = 0, p y = 0 and (ii) y = ±r/ √ 2, p y = 0 or z = r/ √ 2, p z = 0. Note that manifold (i) is a symmetry plane of the billiard whereas manifold (ii) is a less trivial example of a low-dimensional invariant manifold. Note further that manifold (i) and manifold (ii) can be viewed as a partly desymmetrized and a full two-dimensional stadium, respectively. Though these manifolds are of measure zero in phase space, they may exhibit special stability properties in transverse directions [18, 4] . This behavior may cause wave function scarring upon quantization [7, 8, 19] . We start 1000 randomly drawn trajectories inside each of the invariant manifolds and compute the Lyapunov spectrum by following their time evolution for about 5×10
5 collisions with the boundary. One pair of Lyapunov exponents describes the stability in directions transverse to the manifold while the remaining two pairs correspond to the inside motion. The results listed in table 2 show that both invariant manifolds are unstable inside and in the transverse direction. A comparison with table 1 shows that the local instability close to the invariant manifolds deviates from the average instability inside the billiard. This is not surprising since stability properties of invariant sets like periodic orbits or lowdimensional manifolds fluctuate around the system average. In low-dimensional open systems such a behavior may have considerable influence on quantum transport [21] . Our results hint at a generalization of these observations to three-dimensions. We note that the Lyapunov exponent inside each manifold agrees with the one reported for the corresponding two-dimensional stadium billiard [20] .
We no turn to the more general case a > 0 and r 1 = r 2 . To be definite we fix a = 1, r 1 = √ 2, r 2 = √ 3 and compute the Lyapunov spectrum from 10 4 trajectories with uniformly distributed random initial conditions and a time evolution of about 5 × 10 5 bounces off the boundary. As before, we do not find a single stable trajectory and both Lyapunov exponents are positive, i. e. λ 1 = 0.185 ± 0.001, λ 2 = 0.157 ± 0.001 in units of 1/a. This shows that truly high-dimensional chaos exists for these parameter values, too.
Let us finally discuss focusing billiards in more than three dimensions. Bunimovich's and Rehacek's mechanism has successfully been used to create chaos in four-dimensional billiards [4] , and the mechanism is expected to work in higher dimensions as well. It has the advantage that a single spherical cap attached to a billiard with otherwise flat boundaries may be sufficient to render the system chaotic. This is different with the cylindrical elements used in this work. While we do not see any principal argument that would prohibit the generation of chaos in high-dimensional billiards by means of cylindrical components (i. e. such that are focusing in a two-dimensional plane only), it requires certainly several of such boundary elements to generate the desired degree of local instability. The billiard model of a self-bound interacting many-body system [22] might be a promising candidate for such a scenario. However, more work is necessary for a better understanding of focusing cylindrical boundary elements in high-dimensional systems.
In summary, we have proposed a new mechanism that generates chaos in highdimensional focusing billiards. This mechanism uses cylindrical components as focusing boundary elements and differs from the one proposed by Bunimovich and Rehacek. The effectiveness of the mechanism was demonstrated by studying a generalized threedimensional stadium billiard. We presented strong numerical evidence that this system displays hard chaos. In particular, we found two positive Lyapunov exponents and confirmed the instability of lower-dimensional invariant manifolds. Figure 1 . Three-dimensional generalization of the stadium billiard
